Elasticity tetrads with torsion describe the hydrodynamic elasticity theory of crystals with dislocations. These tetrads have the canonical dimensions of inverse length and are the proper variables allowing the description of the integer quantum Hall effect -as well as the intrinsic, anomalous quantum Hall effect in topological insulators -in odd spatial dimensions in terms of "quasitopological" Chern-Simons -like terms in the response. The CS terms describe the universal mixed current response to background electromagnetic field and to the deformation of crystal in terms of the elasticity tetrads, and represent the analogue of a mixed axial-gravitational anomaly. In particular, the current is conserved for crystals without dislocations, and the variation of the Hall conductivity with respect to deformations is quantized in terms of topological momentum-space invariants. In the presence of dislocations, the mixed response satisfies the Callan-Harvey anomaly inflow with zero modes along dislocations.
I. INTRODUCTION
The effective Chern-Simons description of the integer (and fractional 2,3 ) quantum Hall effect (IQHE) and the ensuing topological quantization of Hall conductivity has been originally considered in even spatial dimensions 1 . Similarly, in 2 + 1-dimensional topological insulators 4 or in thin films of topological superfluids and superconductors 5, 6 , the intrinsic or anomalous quantum Hall effect (AQHE) in the absence of magnetic flux is also described by a Chern-Simons term. For both IQHE and AQHE, the prefactor of this term is expressed in terms of the momentum-space topological invariants -the Chern number. The same mechanism works for gapped systems in all even space dimensions [7] [8] [9] .
Here we show that the AQHE in 3+1-dimensional crystalline quantum Hall systems or topological insulators 10 is also described by a Chern-Simons term. This term contains the elasticity tetrads, [11] [12] [13] which describe the elasticity theory of crystal with dislocations, where the density of dislocations corresponds to spatial torsion in gravitational theories, see e.g. 15 . In contrast to the gravitational tetrads, the elasticity tetrads have canonical dimensions of inverse length. As a result the Chern-Simons term is dimensionless, and as in the case of even space dimension, the prefactor is given by the integer momentumspace topological invariants. The Chern-Simons term leads to the analog of the mixed (axial and gravitational) anomaly in 3+1d, see e.g. Refs. [16] [17] [18] [19] . The mixed Chern-Simons anomaly reflects the Callan-Harvey mechanism of anomaly cancellation, 20 provided here by the fermion zero modes living on dislocations/sample boundaries.
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The same mechanism works for gapped crystalline systems in all odd space dimensions.
II. ELASTICITY TETRADS
Elastic deformations of the crystal lattice are described in terms of elasticity tetrads E a µ (x), which represent the hydrodynamic variables of elasticity theory.
11,12
In the absence of dislocations, the tetrads E a = E a µ dx µ are exact differentials. They can be expressed in general form in terms of a system of three deformed crystallographic coordinate planes, surfaces of constant phase X a (x) = 2πn a , n a ∈ Z with a = 1, 2, 3 in three dimensions. The intersections of the three constant surfaces
are points of the (possibly deformed) crystal lattice
The elasticity tetrads are gradients of the phase function
and have units of crystal momentum. In the simplest undeformed case,
are the (primitive) reciprocal lattice vectors K a . In the general case, they depend on space and time and are quantized in terms of the lattice L in Eq. (1).
In the absence of dislocations, the tensor E a µ (x) satisfies the integrability condition:
III. 2+1D TOPOLOGICAL ACTION FOR AQHE
The topological Chern-Simons action for the IQHE and for the anomalous, intrinsic (i.e. without external magnetic field/flux) AQHE in the D = 2 + 1-dimensional crystalline insulator is:
Here |e| = = 1 and the electormagnetic U(1) gauge field A µ has dimensions of momentum. The prefactors in the topological response are expressed in terms of the integer topological momentum space invariants 5, 24, 25 . In a given case
The momentum integral is over the 2D torus of the twodimensional Brillouin zone (BZ). The physics of the quantum Hall effect can be seen to arise due to the Callan-Harvey 20 anomaly inflow of the Chern-Simons action from the bulk to the boundary [27] [28] [29] . In fact, the 1+1d boundary current J µ bdry realizes the 1+1d chiral anomaly
where F bdry 0 = ∂ t A − ∂ A t is along the boundary. The interger N is a topological invariant of the system and in particular remains locally well-defined under smooth deformations of the lattice. Under sufficiently strong deformations or disorder one can have regions of different N (x) with the associated chiral edge modes. In that case, the global invariant, if any, is defined by the topological charge of the dominating cluster which percolates through the system.
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IV. 3+1D TOPOLOGICAL ACTION FOR QHE
The extension of the 2+1-dimensional electromagnetic response to 3 + 1-dimensions may contain the following topological terms with elasticity tetrads E a µ :
where a = 1, 2, 3 labels the lattice directions in three dimensions. These can for instance be the lattice directions in a layered system of IQH states, chiral superfluids or crystalline topological insulators with AQHE. In general, the E a µ (x) are slowly varying non-trivial dynamic fields in spacetime. Note that the tetrads E a µ (x) in Eq. (3) have the dimension of the momentum, and thus the S a 4D in Eq. (8) are dimensionless (in the units = 1). It follows that the prefactors in the topological response Eq. (8) can be combined and the total response expressed in terms of the dimensionless topological momentum space invariants is given by:
The integer coefficients N a are the integrals of the Green's functions:
where now the momentum integral is over the 2D torus in the cross section S a of the three-dimensional Brillouin zone. A similar expression for the 3+1d QH was proposed in Refs. 14.
A. Gauge invariance of the 3+1d action
In the deformed crystalline systems in 3+1d, the tetrads E a µ , which enter the 3+1d Chern-Simons action (9), depend slowly on space and time. For arbitrary background fields, the spacetime dependence violates the gauge invariance of the action. However, in the absence of dislocations the latter does not happen for the elasticity tetrads: under deformations Eq. (9) remains gauge invariant even for space and time dependent tetrad parameters E a µ (x) due to condition dE a = 0 in Eq. (4). The variation δ φ S under δA µ = ∂ µ φ is identically zero modulo the bulk/boundary QH currents of the sample.
B. Hall conductivity
The Chern-Simons action Eq. (9) gives the conductivity tensor that depends on space and time:
In the non-deformed crystal, where E 
where G k is a reciprocal lattice vector, which is expressed in terms of the topological invariants N a and the primitive reciprocal lattice vectors E (0)a = K a :
In the deformed crystal, the conductivity tensor is space-time dependent, and thus is not universally quantized. However, the response of the conductivity to deformation is quantized:
The Hall current is
In the absence of dislocations, dE a = 0 in Eq. (4) this represents a dissipationless, fully reversible current, which is conserved modulo the bulk/boundary inflow due to U(1) gauge invariance
C. Chiral magnetic effect
The action Eq. (9) and current Eq. (15) also describe the chiral magnetic effect (CME), 33, 34 i.e. an electric current along an applied magnetic field:
This current contains E a 4 = ∂X a /∂t and thus it vanishes in equilibrium in agreement with Bloch theorem, according to which in the ground state of the system or in the equilibrium state in general, the total current is absent, see e.g. Ref. 35 .
V. CALLAN-HARVEY EFFECT ON DISLOCATIONS AND MIXED ANOMALY
The constraint Eq. (4) is violated in the presence of topological defects -dislocations. The density of dislocations equals the torsion for the elasticity tetrads (with vanishing spin connection):
similar to the role of spacetime torsion in gravitational theories 11, 15 . The nonzero dislocation density or torsion violates the conservation of the Hall current:
This mixed anomaly represents the Callan-Harvey mechanism of anomaly cancellation, 20 which is provided here by the fermion zero modes living on dislocations.
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VI. EXTENSION TO OTHER DIMENSIONS
The anomaly equation Eq. (19) can be straightforwardly extended to D = 2 + 2n spacetime dimensions:
In addition to the torsional field strength T a = dE a , it contains the product of k U(1) gauge field strengths F = dA, while the integer valued topological invariants N a are expressed in terms of the integral in 2n + 1-dimensional frequency-momentum space.
The Eq. (20) is valid even in case of n = 0, i.e. in one spatial dimension. Consider gapped system of electrons in the one dimensional chain with the action (see also 36 )
The index N 1 is defined via the Green's function
The index N 1 is the same for any k x . Note that in the 3+1d case the index N a in Eq. (10) is the same for any cross section S a of the three-dimensional Brillouin zone.
In the 1+1 case the cross section corresponds to one point k x in the one-dimensional Brillouin zone. The Eq. (21) gives the electric current
The conservation of this current
has simple interpretation. The condition dE a = 0 is equivalent to the conservation of the sites of the 1d lattice, whereas the index N 1 corresponds to the number of the electrons per site, which is integer for band insulators. As a result the number of the electrons is trivially conserved under adiabatic deformations.
Since any one-dimensional insulator is described by the topological invariant N 1 , which can only change when the gap closes, we may call any 1D insulator topological, although the topology of the filled states can only be detected by higher invariants -the Chern numbers. In fact, this is very similar to ordinary metals with Fermi surfaces 8 : The gapless Fermi surface represents a topological object in momentum space protected by an invariant similar to N 1 . Topology provides the stability of the Fermi surface with respect to interactions and explains why metals can be described by Landau Fermiliquid theory. In this sense metals can be considered as a topological materials, making the zeroth-order invariant N 1 one of the most important topological invariants in the hierarchy of the topological invariants for fermionic systems. In particular it gives rise to the Luttinger theorem: the number of states in the region between two Fermi points in 1+1d does not depend on interaction. This can be generalized for any closed Fermi surface in higher dimensions 8 .
VII. DISCUSSION AND CONCLUSION
In conclusion, the dimensionful elasticity tetrads are the proper hydrodynamic variables related to the weakly protected IQHE/AQHE/CME on general evendimensional spacetime backgrounds, and can be utilized to describe the topological response in systems in odd spatial dimensions, including elastic and geometric deformations. The Eq. (19) and its extension to higher dimensions (20) describe the mixed anomaly in terms of the gauge fields and elasticity torsion.
On the other hand the contribution of the gravitational space-time torsionT a , where a = 0, 1, 2, 3 is a local Lorentz index, to the chiral current J 
contains the non-universal dimensional ultraviolet cutoff parameter Λ = 1/l for Lorentz invariant systems with the local Minkowski metric η ab . This, however, does not allow to apply this anomaly to condensed matter systems, where the Lorentz invariance is absent, and the ultraviolet regularization may depend on the direction in momentum space. In contrast to the torsional contribution of the NY term, the mixed anomaly in Eqs. (19) and (20) expressed in terms of the elasticity tetrads and torsion do not contain any parameters, except for topological quantum numbers. This is because the elastic tetrads (torsion) has the canonical dimensions of [l] −1 (resp. [l] −2 ) instead of the conventional l 0 (resp. [l] −1 ) for the gravitational spacetime tetrads (torsion). In summary, we have shown here that this allows one to write many mixed "quasi-topological" Chern-Simons terms, analogous to mixed axial-gravitational anomalies, in 3+1d quantum Hall systems with weak crystalline symmetries. Similarly, the dimensional elasticity tetrads allow us to write a mixed elasticity gravitational anomaly in 3+1d, as the dimensional extension of the 2+1d gravitational framing anomaly [45] [46] [47] [48] :
where Γ µ λν dx λ are the Christoffel symbol one-forms of the spacetime metric. This mixed elastic-gravitational form of the Chern-Simons term, although third order in derivatives and therefore beyond linear response, imply the generalization of the 2+1d thermal Hall effect [42] [43] [44] 47, 49 to 3+1d quantum Hall systems and topological insulators with intrinsic Hall effect.
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